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Abstract
We discuss the gravity dual description for a non-commutative Yang-Mills theory,
which reduces to that on AdS5×S5 in the commutative limit. It is found that doubletons
do not decouple in this dual gravity description unless one takes the commutative limit.
The decoupling of the doubletons in AdS5 space implies that the dual gauge theory has
SU(N) gauge symmetry. Our result implies that this gravity description is dual to non-
commutative U(N) gauge theory. It is compatible with the claim that U(1) and SU(N)
gauge symmetries can not separate in non-commutative U(N) gauge theory.
1e-mail address: dan@het.phys.sci.osaka-u.ac.jp
1 Introduction
In the last few years, it has become well known that the (super) Yang-Mills theory on
non-commutative space [xˆµ, xˆν ] = iθµν is realized as a low-energy effective theory on
the Dp-branes in the constant background of NS-NS B-field. By quantization of open
strings in the constant B-field background, the coordinates of Dp-brane’s worldvolume
become non-commutative operators. Then the effective theory, which consists of massless
excitation modes of open strings whose edges are on the Dp-branes, become the super
Yang-Mills theory on the non-commutative space [1].
By such construction, one can expect D-brane would be a useful tool to study non-
perturbative properties of non-commutative Yang-Mills, as commutative cases. From this
point of view, gravity dual descriptions for the non-commutative Yang-Mills are suggested
in [2, 3]. They can be thought as ones of natural generalizations of the AdS/CFT corre-
spondence [4]. This gravity descriptions are given as continuous deformation from AdS
background by constants which parameterize non-commutativity in dual theories. There-
fore one may use the procedure in AdS/CFT correspondence [5, 6], to obtain information
of the non-commutative Yang-Mills in the strong coupling region from weakly coupled
supergravity.
The effective theory of Dp-branes was thought to be U(N) Yang-Mills. In AdS/CFT
correspondence, however, the gravity on AdS space is dual to a SU(N) Yang-Mills. This
was pointed out by Witten at early stage [5, 7]. The U(1) part of U(N) ≃ U(1) ×
SU(N) corresponds to the center of mass motion of N Dp-brane system. Supergravity
fields, which couple to gauge theory operators associated with the U(1) part on the AdS
boundary, are known as doubletons. 2 Doubletons have a strange property. They are pure
gauge mode in the interior of the boundary, and decouple from physical modes of gravity
and other fields [10, 11]. Interactions are purely localized on the boundary. To obtain the
gravity dual description of the U(N) Yang-Mills, one needs to include doubleton degree
of freedom on the boundary. 3
In the gravity dual description for non-commutative Yang-Mills, however, this 5-
dimensional gravity theory in the interior of the boundary should be dual to the U(N) non-
commutative Yang-Mills itself. Unlike commutative U(N) Yang-Mills, U(1) and SU(N)
gauge symmetries cannot be separated in the U(N) non-commutative Yang-Mills theory
2Doubletons form the smallest unitary irreducible representation of supergroup U(2, 2|4). Any Kaluza-
Klein modes of type IIB supergravity compactified on AdS5 × S5 falls into unitary irreducible represen-
tation of U(2, 2|4) [8, 9].
3 Recently, [12] discussed this point in Appendix B.
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in consequence of the non-commutative ∗-product [13]. For this reason, we naturally
expect the 5-dimensional gravity would contain physical modes of doubletons in the inte-
rior of the boundary and the dual theory would be a U(N) non-commutative Yang-Mills
theory. If it is true, we have the following question: how is the decoupling of doubletons
prevented? In this paper, we answer this question.
A original motivation for our subject comes from arguments of non-commutative gauge
dynamics using brane configuration with NS-NS B-field [14, 15, 16]. If there is no B-field,
the U(1) part also decouple from other SU(N) part. If this is also true, it would be a
trouble for the 4d N = 2 non-commutative theory. In the ordinary (commutative) case,
it is known that the U(1) gauge symmetry is “frozen out” and the theory constructed by
branes should be 4d N = 2 SU(N) gauge theory [17]. On the other hand, U(1) and
SU(N) gauge symmetry cannot be separated in non-commutative U(N) theory. There-
fore, when we construct non-commutative gauge theories by brane configuration with
B-field, we should ask whether the gauge symmetry is U(N) or SU(N).
In gravity description, the separation of the U(1) gauge symmetry corresponds to the
decoupling of doubletons. It is an advance on the brane configuration argument to ana-
lyze our subject. So we try to our subject along the viewpoint of gravity description and
doubletons. 4
The mass spectrum of type IIB supergravity compactified on AdS5 × S5 was studied
by Kim, Romans and van Nieuwenhuizen [10]. This theory gives (at low energy) the
gravity dual description of the commutative 4d N = 4 Yang-Mills. It was argued that
doubletons can be gauged away and decouple from the gravity and other fields, at least
in the linearized level. In this paper, we compactify type IIB supergravity on M5 ×
S5 following [10], where M5 is continuous deformation from AdS5. This theory is (at
low energy) the gravity dual description of non-commutative Yang-Mills. We obtain 5-
dimensional linearized equations from the compactification.
To find the modes of non-decoupling doubletons, we compare our equations to those
in [10]. Then we find two independent equations of scalar fields. These two equations
have two independent solutions unless the parameter of non-commutativity a vanishes.
But when this parameter vanishes, these two equations degenerate, and we obtain only
one equation. Then this equation has infinite number of solutions. It is related to the
appearance of local symmetry in a = 0, and modes in one of the two field equations can
4 In this paper, we examine the gravity description dual to 4d N = 4 theory. 4d N = 2 case is left
for a future study.
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be gauged away as gauge modes of the local symmetry. These modes are exactly the
scalars in doubleton multiplet. This is just what we expect.
This paper is organized as follows : In section 2, we review the gravity dual descrip-
tion of non-commutative Yang-Mills theory, which is our starting point. In section 3,
we consider linearized field equations in the gravity dual background, and expand these
equations by 5-dimensional spherical harmonics. In section 4, which is the main part
of this paper, we discuss the field equations associated with doubleton scalars. A short
comment for doubleton 2-forms is also given. Finally, in section 5, implication to the dual
non-commutative Yang-Mills is discussed.
Throughout the paper, we discuss the bosonic part only. It is sufficient to investigate
this part for our purpose.
2 Gravity dual description of non-commutative Yang-
Mills theory
Our starting point is a gravity dual description of 4d non-commutative Yang-Mills theory
[2, 3]. 5 This is the string theory on the spacetime M5 × S5 with flux of external fields :
ds2str = α
′R2
[
u2(−dx20 + dx
2
1) +
u2
1 + a4u4
(dx22 + dx
2
3) +
du2
u2
+ dΩ2S5
]
,
B23 = B∞
a4u4
1 + a4u4
, B∞ = α
′
R2
a2
,
e2Φ =
gˆ2
1 + a4u4
,
A01 =
(
1
gˆ
α′R2
a2
)
a4u4 ,
F˜0123u =
(
1
gˆ
(α′R2)2
a3
)
4a3u3
1 + a4u4
. (1)
This solution is written in string metric. Φ is a dilaton, B23 and A01 are NS-NS and
R-R 2-form fields, and F˜0123u is a 5-form field strength which satisfies the self-duality
condition. These backgrounds are obtained by taking decoupling and non-commutative
5 In this paper, we use the gravity solution given in [2].
3
scaling limit in the supergravity solution of D3-brane with the B23 field. R is written by
the scaled string coupling constant gˆ and the number of D3-branes N ; R4 = 4πgˆN .
The parameter a represents non-commutativity. Non-commutativity appears in x2, x3
directions [x2, x3] =
(
1
B∞
)
∼ a2 in the dual theory, because B23 has a non-zero value in
solution (1).
For au → 0, the gravity solution (1) becomes AdS5 × S5 solution. This means that
the non-commutative theory reduces to commutative one in the IR scale.
3 Spherical harmonics expansion of bosonic field equa-
tions
Now we expand bosonic field equations of type IIB supergravity in small fluctuations
around the solution (1) in the previous section. Making this expansion to first order in
the fluctuations, one finds linearized field equations. From now on, we use the notation
and convention which are given in Appendix A.
Bosonic field equations in the string metric are
∇M∇M Φ = ∇
MΦ∇MΦ−
1
4
R +
1
48
HMNPHMNP , (2)
∇M∇M C = −
1
3!
(FMNP − CHMNP )HMNP , (3)
∇P [FPMN − CHPMN ] =
1
3!
F˜ PQRMN HPQR , (4)
∇P (e−2ΦHPMN) = −∇
P
[
C(FPMN − CHPMN)
]
−
1
3!
F˜ PQRMN FPQR , (5)
RMN = −2∇M∇NΦ+
1
2
e2Φ∇MC∇NC
+
1
4
HMPQH
PQ
N +
1
4
e2Φ(F − CH)MPQ(F − CH)
PQ
N
+
1
4 · 4!
e2ΦF˜MPQRSF˜
PQRS
N − gMN
[
1
4
∇M∇MΦ−
1
2
∇MΦ∇MΦ
+
1
48
HMNPHMNP +
1
48
e2Φ(F − CH)MNP (F − CH)MNP
]
,(6)
F˜MNPQR =
1
5!
ǫMNQPRSTUVW F˜
STIVW , (7)
where, C is R-R scalar. H(3) = dB(2) and F (3) = dA(2) are NS-NS and R-R 3-form field
strength, respectively. F˜ (5) is defined by F˜ (5) = dD(4) − 1
2
A(2) ∧H(3) + 1
2
B(2) ∧ F (3), and
4
D(4) is R-R 4-form.
We consider small fluctuations around the gravity solution (1):
Φ → Φ + φ, C → 0 + c ,
B(2) → B(2) + B(2), A(2) → A(2) +A(2) ,
D(4) → D(4) +D(4) , gµν → gµν + hµν +
1
2
gµνφ . (8)
Mixing with metric fluctuation and dilaton comes from g
(s)
µν = eΦ/2g
(E)
µν . This is the
relation between the string metric g
(s)
µν and the Einstein metric g
(E)
µν . 6 Substituting (8)
into field equations (2)-(7), one obtains linearized field equations. All results are given in
Appendix B.
Next, following the procedure in [10], let us expand linearized field equations by 5-
dimensional spherical harmonics. Then we obtain 5-dimensional equations which depend
on coordinates x0, x1, x2, x3, u only. When a→ 0, these results reduce to those ofAdS5×S5
compactification of type IIB supergravity discussed by Kim, Romans and van Nieuwen-
huizen.
Spherical harmonics expansions are as follows :
φ =
∑
φI1(x)Y I1(y) , c =
∑
cI1(x)Y I1(y) ,
hµν = h
′
µν −
1
3
gµν h
m
m, hmn = h(mn) +
1
5
gmn h
l
l ,
h′µν =
∑
hI1µν(x)Y
I1(y), hmm =
∑
πI1(x) Y I1(y) ,
hµm =
∑
hI5µ (x)Y
I5
m (y), h(mn) =
∑
hI14(x)Y I14(mn)(y) ,
Bµν =
∑
bI1µν(x)Y
I1(y), Aµν =
∑
aI1µν(x)Y
I1(y) ,
Bµm =
∑
bI5µ (x)Y
I5
m (y), Aµm =
∑
aI5µ (x)Y
I5
m (y) ,
Bmn =
∑
bI10(x) Y I10[mn](y), Amn =
∑
aI10(x) Y I10[mn](y) ,
Dµνρσ =
∑
dI1µνρσ(x)Y
I1(y) ,
6In [10], field equations written in the Einstein metric was used. Due to linearized Weyl shift, we can
compare our results with those in [10] at a = 0.
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Dµνρm =
∑
dI5µνρ(x) Y
I5
m (y), Dµν mn =
∑
dI10µν (x) Y
I10
[mn](y) ,
Dµmnl =
∑
dI5µ (x) ǫ
ab
mnl ∇aY
I5
b (y), Dmnlk =
∑
dI1(x) ǫ amnlk ∇aY
I1(y) , (9)
where Y ’s are 5-dimensional spherical harmonics (see Appendix A).
These expansions are chosen to satisfy gauge conditions
∇mhµm = ∇
mh(mn) = 0 ,
∇mBµm = ∇
mBmn = 0 ,
∇mAµm = ∇
mAmn = 0 ,
∇mDµνρm = ∇
mDµν mn = ∇
mDµmnl = ∇
mDmnlk = 0 .
These conditions respect the invariance under (i) 5-dimensional diffeomorphism; δhµν =
∇µξν(x)+∇νξµ(x), (ii) Yang-Mills symmetries for which ξm =
∑
λ(x)IY Im with Y
I
m equal
to Killing vectors, (iii) conformal diffeomorphism for which ξm =
∑
κI(x)∇mY I(y), ξµ =
−
∑
∇µκI(x)Y I(y). Those Y I(y) satisfy ∇(m∇n)Y
I = 0, which are called conformal
scalars in [18].
Substituting expansions (9) into linearized equations in Appendix B, we obtain 5-
dimensional field equations on M5. All results are given in Appendix C.
4 Doubleton non-decoupling
The doubleton multiplet is (0, 0, 6)⊕(1
2
, 0, 4)⊕(0, 1
2
, 4¯)⊕(1, 0, 1)⊕(0, 1, 1) of (SU(2)A, SU(2)B, SO(6))
; these groups are compact subgroups of U(2, 2|4). In harmonic expansion (9), the modes
associated with doubletons appear as coefficient of scalar spherical harmonics Y I1 and
their derivatives. So, in this section, we concentrate on the equations in such a class.
They are the following six equations :{
1
2
(2∇2x +∇
2
y)h
I1 ρ
ρ −∇
µ∇νhI1µν +
(
−
7
120
(H2 + e2ΦF 2)−
1
5!
e2ΦF˜µνρστ F˜
µνρστ
)
hI1 ρρ
−
5
6
(∇2x +∇
2
y)φ
I1 +
(
−
5
3
[
1
4
∇2xΦ−
1
2
(∇Φ)2
]
+
1
16
(H2 + e2ΦF 2) +
1
3 · 4!
e2ΦF˜µνρστ F˜
µνρστ
)
πI1
+
(
5 (
1
4
∇ρ∇σΦ−
1
2
∇ρΦ∇σΦ)−
3
16
(H ρµν H
µνσ + e2ΦF ρµν F
µνσ) +
1
4!
e2ΦF˜ ρµνλτ F˜
µνλτσ
)
hI1(ρσ)
−
13
4
∇2xφ
I1 + 5∇Φ∇φI1 +
(
−
5
4
∇2y +
1
24
e2ΦF 2 +
1
2 · 4!
e2ΦF˜µνρστ F˜
µνρστ
)
φI1
6
−
5
4
∇µΦ
(
∇νhI1(µν) −
3
10
∇µh
I1 ρ
ρ
)
+
7
24
(HH + e2ΦFF) +
1
2 · 4!
e2ΦF˜ µνρστ F˜ I1µνρστ
}
Y I1 = 0 , (10)
{
1
2
∇2xπ
I1 +
(
−
1
30
∇2y −
1
5!
e2ΦF˜mnpqrF˜
mnpqr −
2
3
∇xΦ +
4
3
(∇Φ)2 −
1
8
(H2 + e2ΦF 2)
)
πI1
+
(
1
2
∇2y +
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
16
(H2 + e2ΦF 2)
)
hI1 ρρ −
3
8
∇µΦ∇µh
I1 ρ
ρ
+
5
4
∇µΦ∇νhI1(µν) + 5
(
1
4
∇ρ∇σΦ−
1
2
∇ρΦ∇σΦ +
1
16
(H ρµν H
µνσ + e2ΦF ρµν F
µνσ)
)
hI1(ρσ)
−
5
4
∇2xφ
1 + 5∇Φ∇φI1 +
(
−
13
4
∇2y −
5
24
e2ΦF 2 +
1
2 · 4!
e2ΦF˜mnpqrF˜
mnpqr
)
φI1
−
5
24
(HH + e2ΦFF) +
5
2 · 4!
e2ΦF˜mnpqr∇mǫ
a
npqr ∇a d
I1
}
Y I1 = 0 . (11)
{
1
2
∇µh
I1 ρ
ρ −
1
2
∇ρhI1ρµ −
4
15
∇µπ
I1 +
1
4
(H ρσµ b
I1
ρσ + e
2ΦF ρσµ a
I1
ρσ) +
1
4 · 4!
e2ΦF˜ νρστµ D˜νρστ
}
∇mY
I1
+
1
4 · 4!
F˜ npqrm ǫ
a
npqr ∇µd
I1∇aY
I1 = 0 , (12)
{
1
2
hI1 ρρ −
8
15
πI1
}
∇(m∇n) Y
I1 = 0 , (13)
{
F˜ I1µνρσλ − ǫµνρσλ ∇
2
y d
I1 −
1
2 · 5!
ǫ mnlkjµνρσλ F˜mnlkj
(
hI1 ρρ −
8
3
πI1
) }
Y I1 = 0 , (14)
{
D˜I1µνρσ + ǫµνρσλ ∇
λ dI1
}
∇mY
I(y) = 0 , (15)
Equations (10) and (11) are traces of (49) and (52) in Appendix C respectively, which
are derived from linearized Einstein equations (35),(37) in Appendix B, by harmonic ex-
pansions. Equations (12) and (13) also come from (35) and (37). Equations (14) and
(15) are derived from the linearized self-dual equation (44) in Appendix B, by harmonic
expansions. Scalar harmonics Y I1 are eigenfunction of Laplacian ∇2y (= Hodge-de Rham
operator ∆ for Y I1) with eigenvalues −e2k(k + 4), where k = 0, 1, 2, .... and e2 = 1/α′R2.
When k = 0, Y I1(k=0) is constant and satisfies ∇mY
I1
(k=0) = 0. Then (12),(13) and (15)
become trivial (i.e. 0 = 0). When k = 1, Y I1(k=1) are conformal scalars i.e. ∇(m∇n)Y
I = 0.
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Then (13) becomes trivial.
These equations contain 5-dimensional physical fields but unphysical fields are also
contained. In the linearized level, these unphysical fields are algebraically eliminated.
In fact, the 5-form F˜ I1µνρστ is algebraically eliminated by (14), for all k ≥ 0. When
k ≥ 1, we obtain the field equation for scalar fields dI1 :{
(∇2x +∇
2
y)d
I1 +
1
5!
ǫmnlkjF˜mnlkj
(
1
2
hI1 ρρ −
4
3
πI1
)
+
10
5!
ǫµνρσλ(bI1µνFρσλ − a
I1
µνHρσλ)
}
Y I1 = 0 ,(16)
from a combination of (14) and (15).
Before we discuss the decoupling of doubletons in detail, here let us give the outline of
the decoupling. Similarly to F˜ I1µνρστ , we can algebraically eliminate the scalar fields h
I1 ρ
ρ as
unphysical modes for k ≥ 1 , and obtain two independent modes associated with equations
for scalar fields πI1 , dI1. This procedure breaks down when the non-commutative param-
eter a vanishes. At a = 0, scalar field equations for k = 1 have conformal diffeomorphism
invariance. Then the scalar modes associated with one of the two scalar field equations
become pure gauge modes of the local gauge symmetry. These pure gauge modes can be
gauged away and disappear from 5d equations. This is the decoupling of doubleton scalars.
Now, we discuss the decoupling mechanism in more detail.
If k ≥ 2, we can eliminate scalar fields hI1 ρρ from (11),(16) by using (13). Then we
obtain two independent field equations for scalar fields πI1, dI1 which have mixing with
other tensors.
Next, we consider the case of k = 1. For k = 1, (13) is trivial. To eliminate hI1 ρρ from
(11), we use (16). Then one finds
1
2
∇2xπ
I1 +
(
13
10
∇2y −
1
5!
e2ΦF˜mnpqrF˜
mnpqr −
1
24
(H2 + e2ΦF 2)
)
πI1 −
1
4
∇µΦ∇µπ
I1
−
(
∇2y +
1
2
∇2xΦ− (∇Φ)
2 +
1
8
(H2 + e2ΦF 2)
)(
1
5!
F˜mnpqrǫmnpqr
)
−1
(∇2x +∇
2
y) d
I1
+
5
2 · 4!
e2ΦF˜mnpqr∇mǫ
a
npqr ∇ad
I1 −
15
64 · 4!
e2Φ(∇µΦ)(F˜
µνρστ ǫνρστλ∇
λdI1 − F˜mnpqrǫnpqra∇µd
I1)
+
25
32
∇µΦ∇νhI1(µν) + 5
(
1
4
∇ρ∇σΦ−
1
2
∇ρΦ∇σΦ +
1
16
(H ρµν H
µνσ + e2ΦF ρµν F
µνσ)
)
hI1(ρσ)
−
5
4
∇2xφ
1 +
55
8
∇Φ∇φI1 +
(
−
13
4
∇2y −
5
24
e2ΦF 2 +
1
2 · 4!
e2ΦF˜mnpqrF˜
mnpqr
)
φI1
8
−
5
24
(HH + e2ΦFF) +
25
64
∇µΦ(H ρσµ b
I1
ρσ + e
2Φ(F ρσµ a
I1
ρσ))
−
(
∇2y +
1
2
∇2xΦ− (∇Φ)
2 +
1
8
(H2 + e2ΦF 2)
)(
1
5!
F˜mnpqrǫmnpqr
)
−1
10
5!
ǫµνρστ (Fρστ b
I1
µν −Hρστa
I1
µν) = 0.(17)
This is a field equation for πI1 , dI1 which have mixing with other tensors. Another field
equation for πI1 , dI1 comes from (10), which is independent of (17). We use (12) and (16)
to eliminate ∇µ∇νhI1 ρρ and h
I1 ρ
ρ from (10). Then one finds
−
3
10
∇2xπ
I1 +
1
4
∇µΦ∇µπ
I1+
(
1
2
∇2y −
5
3
[
1
4
∇2xΦ−
1
2
(∇Φ)2
]
−
67
45 · 16
(H2 + e2ΦF 2)−
e2Φ
5!
F˜µνρστ F˜
µνρστ
)
πI1
−
(
∇2y −
7
60
(H2 + e2ΦF 2) +
1
2 · 5!
e2ΦF˜ µνρστ F˜µνρστ
)(
1
5!
F˜mnpqrǫmnpqr
)
−1
(∇2x +∇
2
y) d
I1
−
1
2 · 4!
e2Φ∇µ(F˜ npqrm ǫ
a
npqr∇µd
I1) +
1
2 · 4!
∇µ(e2ΦF˜ νρστµ ǫνρστλ∇
λdI1)
+
1
2 · 4!
e2ΦF˜ µνρστ ǫµνρστ∇
2
y d
I1 +
15
64 · 4!
∇µΦ(e2ΦF˜ νρστµ ǫνρσλ∇
λdI1 − e2ΦF˜mnpqrǫnpqra∇µd
I1)
−
15
32
∇µΦ∇νhI1(µν)+
(
5 (
1
4
∇ρ∇σΦ−
1
2
∇ρΦ∇σΦ)−
3
16
(H ρµν H
µνσ + e2ΦF ρµν F
µνσ) +
1
4!
e2ΦF˜ ρµνλτ F˜
µνλτσ
)
hI1(ρσ)
+
3
4
∇2xφ
I1 +
55
8
∇Φ∇φI1 +
(
−
5
4
∇2y +
1
24
e2ΦF 2 +
1
2 · 4!
e2ΦF˜µνρστ F˜
µνρστ
)
φI1
+
1
8
(HH + e2ΦFF)−
79
64
∇µΦ(H ρσµ b
I1
ρσ + e
2ΦF ρσµ a
I1
ρσ) +
1
12
F˜ µνρστ (Fρστ b
I1
µν −Hρστa
I1
µν)
−
(
∇2y −
7
60
(H2 + e2ΦF 2) +
e2Φ
2 · 5!
F˜ µνρστ F˜µνρστ
)(
1
5!
F˜mnpqrǫmnpqr
)
−1
10
5!
F˜ µνρστ (Fρστ b
I1
µν −Hρστa
I1
µν) = 0 . (18)
Therefore, even if (13) is trivial for k = 1, we can also eliminate hI1 ρρ from field equa-
tions. We can obtain two independent solutions for πI1, dI1 by using (17) and (18).
However, if the non-commutative parameter a becomes zero, this procedure breaks
down. When a = 0, equations (17),(18) degenerate to the same one :
∇2x(π
I1 +
5
2
edI1)− 45e2(πI1 +
5
2
edI1) = 0 . (19)
We then find that (19) has infinite number of solutions. This is a consequence of conformal
diffeomorphism invariance
πI1 → π11 + 10λ, edI1 → ed11 − 4λ , (20)
for arbitrary function λ(x). The reason for these infinite number of solutions originates
from the fact that the local gauge symmetry (20) is not fixed.
9
In this case, we should return to equations (12),(11) and (16). When a = 0, these
equations are
[eq.(12)] ⇒
{
∇ρhI1ρµ −∇
µ(hI1 ρρ −
8
15
πI1 + 4edI1)
}
∇mY
I1 = 0 , (21)
[eq.(11)] ⇒
{
(∇2x +∇
2
y − 32e
2) πI1 + 20e ∇2yd
I1 +∇2y(h
I1 ρ
ρ −
16
15
πI1)
}
Y I1 = 0 ,(22)
[eq.(16)] ⇒
{
(∇2x +∇
2
y) d
I1 + 4e(
1
2
hI1 ρρ −
4
3
πI1)
}
Y I1 = 0 . (23)
(10) is linearly dependent on (21),(22),(23) and (13) for a = 0. And (13) becomes trivial
for k = 1. So we do not have to consider (10),(13) here.
Equations (21),(22) and (23) are also invariant under conformal diffeomorphism :
hI1 ρρ → h
I1 ρ
ρ +
2
e
∇2xλ +
50
3
λ, πI1 → πI1 + 10λ, edI1 → edI1 − 4λ . (24)
To fix freedom of the conformal diffeomorphism invariance (24), we set gauge fixing con-
dition
hI1 ρρ = α π
I1 , (25)
where α is gauge fixing parameter. 7 The gauge symmetry (24) is not fixed completely
under gauge fixing condition (25). The residual gauge symmetry is generated by function
λ which satisfy
∇2x λ+
(
25
3
− 5α
)
e2 λ = 0 . (26)
Substituting the gauge condition (25) into (22) and (23), one can obtain two scalar field
equations. After diagonalization of mass matrix, one of the two equations becomes (19).
The other equation becomes
∇2x
(
πI1 −
60
8− 3α
edI1
)
+
(
25
3
− 5α
)
e2
(
πI1 −
60
8− 3α
edI1
)
= 0 . (27)
It has the same form as (26). The solutions of (27) are actually pure gauge modes!
As a result, setting the gauge fixing condition (25), we obtain two diagonalized equa-
tions (19) and (27) at a = 0. One finds physical modes with mass m2 = 45e2 in (19)
and pure gauge modes of conformal diffeomorphism with mass m2 =
(
25
3
− 5α
)
e2 in (27).
7More general gauge fixing condition; hI1 ρρ = α pi
I1 + β∇2xpi
I1 + γ edI1 + ε∇2xed
I1 is also possible.
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The pure gauge modes can be gauged away and decouple from other physical modes.
Next, we discuss connection between a 6= 0 and a = 0.
Around a ∼ 0, two scalar field equations (17) and (18) can be written as
∇2x π
I1 +
(
5
2
+ δ1
)
∇2x ed
I1 − e2 (45 + δ2) π
I1 − e2
(
225
2
+ δ3
)
(edI1) + · · · = 0, (28)
∇2x π
I1 +
(
5
2
+ ∆1
)
∇2x ed
I1 − e2 (45 + ∆2) π
I1 − e2
(
225
2
+ ∆3
)
(edI1) + · · · = 0. (29)
Here ′′ · · ·′′ means derivative and mixing terms with other tensors, and δ,∆ are O(a4u4).
8 From (28) and (29), one can obtain
∇2x (π
I1 +
5
2
(edI1))− 45e2(πI1 +
5
2
(edI1)) + · · · = 0 ,(30)
∇2x
(
πI1 +
−45 + ∆13
∆12
edI1
)
− e2
(
5
2
∆12 −∆13
)(
πI1 +
−45 + ∆13
∆12
edI1
)
+ · · · = 0 ,(31)
where ∆12 =
δ2−∆2
δ1−∆1
= 3
16
,∆13 =
δ3−∆3
δ1−∆1
= −45
4
.
Solutions of (30) are physical modes with massm2 = 45e2. On the other hand, one can
find that solutions of (31) become gauge modes and can be gauged away in the limit a→ 0.
In this limit, any Kaluza-Klein modes of type IIB supergravity compactified on AdS5×S5
fall into unitary irreducible representations of supergroup U(2, 2/4)[8, 9]. These decoupled
scalars, which form 6 of SO(6), are identified with scalars in the doubleton multiplet in
unitary irreducible representation of U(2, 2/4).
This is just what we expect. Doubleton scalars become pure gauge modes and decou-
ple in the limit a→ 0.
Finally, we mention the doubleton 2-form.
For a = 0, 2-form field equations (56) and (57) in Appendix C can be written in a
factorized form [10] :
(2ekI + i∗D)(2e(k + 4)− i∗D)(bµν + iaµν) = 0 (32)
where ∗D aµν = ǫ
ρστ
µν ∇ρaστ . (32) implies that k = 0 mode is a pure gauge, and can be
gauged away. This mode is the 2-form in the doubleton multiplet.
When a 6= 0, however, solutions of (32) are not the pure gauge mode only, because
the right hand side of (32) is not zero. So the decoupling of 2-form dose not occurs.
8 Readers should not confuse these ∆’s with Hodge-de Rham operator in Appendix A.
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5 Summary and discussion
In this paper, we consider the type IIB supergravity compactified on the gravity solution
(1) at the linearized level.
5d field equations (in Appendix C) become complicated form with field mixing. The
mixing (or mass) matrices obtained from the 5d field equations are functions of u which
is a coordinate on M5. This complication derives from lack of isometry, like conformal
symmetry. Unlike the AdS space, the particle mass is not preserved by symmetry in the
gravity solution (1), due to the lack of the dilatation invariance. This property corresponds
to the fact that dimension of operators may be ambiguous in non-commutative Yang-Mills.
We find that the doubletons do not decouple unless a = 0. At a = 0, doubletons couple
with U(1) operators of commutative Yang-Mills : ΦI , Fµν , λα and λ
α¯, on the boundary
in gauge invariant way. But the gravity in the interior of boundary has no information
about U(1) operators, because doubletons decouple from other fields in the interior of
the boundary. On the other hand, if a 6= 0, we can obtain the information of these U(1)
operators. 9 Therefore, the gravity description is dual to U(N) theory. It is compatible
with the fact that U(1) and SU(N) gauge symmetries cannot be separated in U(N) non-
commutative Yang-Mills theory.
Finally, we mention related questions.
(i) 4d N = 2 super Yang-Mills theory was constructed by brane configuration [17]. In
this construction, the gauge symmetry U(1) of U(N) ≃ U(1) × SU(N) is ”frozen out”.
There is a question whether the frozen out occurs or not in presence of B-field.
(ii) Recently, non-commutative version of SU(N) Yang-Mills theory is proposed [19].
The D-brane interpretation of this theory may be interesting.
Acknowledgements
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9Supergravity fields may also couple to operators of non-commutative theory, in a gauge invariant
way.
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Appendix A.Notations
• xA with capital indices A,B, ... means 10d coordinates.
• xµ with Greek indices µ, ν, ... means 5d coordinates x0, x1, x2, x3 and u.
• ym with Latin indices m,n, ... means coordinates of 5d sphere.
ηAB = (−1, 1, ...., 1) .
Covariant derivative : ∇A .
The Riemann curvature tensor is defend by : [∇A,∇B] VC = R DAB C VD with respect
to vector VA. The Ricc tensor is defined by : RAB = g
CDRACBD. The scalar curvature is
defined by : R = gABRAB.
Laplacian : ∇2x ≡ g
ρσ∇ρ∇σ , ∇2y ≡ g
mn∇m∇n
Spherical harmonics :
• Y I1(y) is scalar.
• Y I5m (y) is vector.
• Y I10[mn](y) is second rank anti-symmetric tensor.
• Y I14(mn)(y) is second rank symmetric traceless tensor.
These spherical harmonics are eigenfunctions of the Hodge-de Rham operator ∆ and
satisfy
∆ Y I = ∇2y Y
I = −e2 k(k + 4) Y I k = 0, 1, ...
∆ Y I5m = (∇
2
y − 4e
2) Y I5m = −e
2(k + 1)(k + 3) Y I5m k = 1, 2, ....
∆ Y I10[mn] = (∇
2
y − 6e
2) Y I10[mn] = −e
2(k + 2)2 Y I10[mn] k = 1, 2, ...
∆ Y I14(mn) = (∇
2
y − 10e
2) Y I14(mn) = −e
2(k2 + 4k + 8) Y I k = 2, 3, ... ,
where e2 = 1/α′R2.
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Appendix B. Linearized field equations
Linearized equations for small fluctuation around gravity solution (1) are given in this
section.
Definitions of 3- and 5-form field strengths are as follows :
Hµνρ ≡ 3 ∂[µBνρ] , Fµνρ ≡ 3 ∂[µAνρ] ,
F˜µνρστ = 5 ∂[µDνρστ ] −
1
2
5!
2!3!
A[µνHρστ ] −
1
2
5!
2!3!
A[µνHρστ ]
+
1
2
5!
2!3!
B[µνFρστ ] +
1
2
5!
2!3!
B[µνFρστ ] ,
F˜µνρσm = ∂mDµνρσ + 4 ∂[µDνρσ]m
−
1
2
4!
3!
Am[µHνρσ] −
1
2
4!
2!2!
A[µνHρσ]m +
1
2
4!
3!
Bm[µFνρσ] +
1
2
4!
2!2!
B[µνFρσ]m ,
F˜µνρmn = 2 ∂[mDn]µνρ + 3 ∂[µDνρ]mn
−
1
2
AmnHµνρ −
1
2
3 A[µνHρ]mn +
1
2
BmnFµνρ −
1
2
3 B[µνFρ]mn ,
F˜µνmnp = 3 ∂[mDnp]µν + 2 ∂[µDν]mnp −
1
2
AµνHmnp +
1
2
BµνFmnp ,
F˜µmnpq = 4 ∂[mDnpq]µ + ∂µDmnpq
F˜mnpqr = 5 ∂[mDnpqr] .
• Linearized scalar field equation from (2) and (3) :
(∇2x +∇
2
y) φ− 2∇Φ∇φ+
(
11
4
∇2xΦ−
3
2
(∇Φ)2 −
13
48
H2 −
9
48
e2ΦF 2 +R
)
φ+
1
6
(HH− e2ΦFF)
+
(
−
4
3
∇2xΦ+
2
9
H2 +
1
18
e2ΦF 2 +
1
36
F˜µνρτ F˜
µνρτ −
1
60
F˜mnpqrF˜
mnpqr +
2
3
gρσRρσ +
2
5
gmnRmn
)
hmm
+2
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
48
(H2 + e2ΦF 2)
)
h′ ρρ −∇
ρΦ(∇σh′ρσ −
1
2
∇ρh
′ σ
σ )
+
(
3∇ρ∇σΦ + 2∇ρΦ∇σΦ−
3
4
H ρµνH
µνσ −
1
4
e2ΦF ρµνF
µνσ −
1
12
F˜ ρµνλτ F˜
µνλτσ
)
h′ρσ = 0 ,(33)
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(∇2x +∇
2
y) c−
1
3!
H2 c+
1
3!
(FH+ FH) = 0 . (34)
• Linearized Einstein equation from (6) :
1
2
(∇2x +∇
2
y) h
′
µν +
1
2
∇µ∇νh
′ ρ
ρ −
1
2
(∇µ∇
ρh′ρν +∇ν∇
ρh′ρµ) +R
ρ σ
µ ν h
′
ρσ −
1
2
(R ρµ h
′
νρ +R
ρ
ν h
′
µρ)
−
(
1
2
H ρµα H
ασ
ν +
1
2
e2ΦF σµα F
ασ
ν +
1
4!
e2ΦF˜ ρµαβγ F
αβγσ
ν
)
h′ρσ
−
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
48
H2 +
1
48
e2ΦF 2
)
h′µν −
1
4
gµν∇
σΦ (∇ρh′ρσ −
1
2
∇σh
′ ρ
ρ)
+gµν
(
1
4
∇ρ∇σΦ−
1
2
∇ρΦ∇σΦ +
1
16
H ραβ H
αβσ +
1
16
e2ΦF ραβ F
αβσ
)
h′ρσ
−
1
6
gµν(∇
2
x +∇
2
y) h
m
m +
1
3
(
1
2
HµρσH
ρσ
ν +
1
2
e2ΦFµρσF
ρσ
ν +
1
4!
e2ΦF˜µρσλτ F˜
ρσλτ
ν
)
hmm
−
1
3
gµν
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
16
H2 +
1
16
e2ΦF 2
)
hmm
+
1
2
gµν∇
ρΦ∇ρφ−
1
2
HµρσH
ρσ
ν φ+ gµν
(
1
16
H2 +
1
48
e2ΦF 2
)
φ
+
1
4
(HµρσH
ρσ
ν +HµρσH
ρσ
ν )−
1
24
gµνHH +
1
4
e2Φ(FµρσF
ρσ
ν + FµρσF
ρσ
ν )−
1
24
gµνe
2ΦFF
+
1
4 · 4!
e2Φ(F˜µρσλτ F˜
ρσλτ
ν + F˜µρσλτ F˜
ρσλτ
ν ) = 0 , (35)
1
2
(∇2x +∇
2
y) hµm −
1
2
∇µ∇
ρhρm −
1
2
∇m∇
nhnµ −
1
2
R ρµ hρm −
1
2
R nm hnµ
−
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
48
HνρσHνρσ +
1
48
e2ΦF νρσFνρσ
)
hµm
−
1
2
∇m∇
ρh′ρµ +
1
2
∇µ∇mh
′ ρ
ρ −
4
15
∇µ∇mh
m
m −
1
2
∇µ∇
nh(nm)
+
1
4
H ρσµ Hmρσ +
1
4
e2ΦF ρσµ Fmρσ
+
1
4 · 4!
e2ΦF˜ νρσλµ F˜mνρσλ +
1
4 · 4!
e2ΦF˜ nlkjm F˜µnlkj = 0 , (36)
15
12
(∇2x +∇
2
y) h(mn) −
1
2
∇m∇
lh(ln) −
1
2
∇n∇
lh(lm) +R
l k
m n h(lk) −
1
2
R lm h(ln) −
1
2
R ln h(lm)
−
1
4!
F˜ amlkj F˜
lkjb
n h(ab) −
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
48
HµνρHµνρ +
1
48
e2ΦF µνρFµνρ
)
h(mn)
+gmn
(
1
4
∇µ∇νΦ−
1
2
∇µΦ∇νΦ+
1
16
HµρσH
νρσ +
1
16
e2ΦF µρσF
νρσ
)
h′µν +
1
2
∇m∇nh
′ ρ
ρ
+
1
10
gmn(∇
2
x +∇
2
y) h
l
l −
8
15
∇m∇nh
l
l −
1
5!
e2ΦF˜ abcdm F˜nabcd h
l
l
−gmn
(
2
15
∇2xΦ−
4
15
(∇Φ)2 +
1
40
HµνρHµνρ +
1
40
e2ΦF µνρFµνρ
)
hl l
−
1
2
∇m∇
ρhρn −
1
2
∇n∇
ρhρm
+
1
2
gmn∇
µΦ∇µφ+ gmn
(
1
16
HµνρHµνρ +
1
48
e2ΦF µνρFµνρ
)
φ
−
1
24
gmn(H
µνρHµνρ + e
ΦF µνρFµνρ) +
1
4!
e2ΦF˜ abcdm F˜nabcd +
1
4!
e2ΦF˜ abcdn F˜mabcd = 0.(37)
• Linearized NS-NS 2-form equation from (5) :
∇ρHρµν +∇mHmµν − 2∇
ρΦHρµν +Hµνρ∇
ρc+∇ρHρµν c
−
9
4
∇ρφ Hρµν −
(
5
2
∇ρHρµν − 5∇
ρΦHρµν +
1
4
F˜µνρστF
ρστ
)
φ
+
2
3
Hµνρ∇
ρhmm +
(
1
3
∇ρHρµν −
2
3
∇ρΦHρµν +
1
6
e2ΦF˜µνρστF
ρστ
)
hmm
−Hσµν(∇
ρh′ σρ −
1
2
∇σh′ ρρ )−Hρσν∇
ρh′ σµ −Hρµσ∇
ρh′ σν
+
(
−∇ρHσµν + 2∇
ρΦHσµν −
1
2
e2ΦF˜ ρµνλτ F
λτσ
)
h′ρσ+
1
3!
e2ΦF˜ ρστµν Fρστ +
1
3!
e2ΦF ρστ F˜µνρστ
= 0 (38)
∇ρHρµm +∇
lHlµm − 2∇
ρΦ Hρµm −∇ρhσmH
ρσ
µ +
1
3!
e2ΦF˜µmρσλF
ρσλ = 0 , (39)
∇ρHρmn +∇
lHlmn − 2∇
ρΦ Hρmn +
1
3!
e2ΦF˜mnlkjF
lkj +
1
3!
e2ΦF˜mnρσλF
ρσλ = 0.(40)
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• Linearized R-R 2-form equation from (4) :
∇ρFρµν +∇
mFmµν −
1
4
Fρµν∇
ρφ−
(
1
2
∇ρFρµν +
1
4
F˜µνρστH
ρστ
)
φ
+Hµνρ∇
ρc+∇ρHρµν c+
2
3
Hµνρ∇
ρhmm +
(
1
3
∇ρFρµν −
1
6
F˜µνρστH
ρστ
)
hmm
−Fσµν(∇
ρhI1 σρ −
1
2
∇σh′ ρρ )− Fρσν∇
ρh′ σµ − Fρµσ∇
ρh′ σν −
(
∇ρF σµν +
1
2
F˜ ρµνλτ H
λτσ
)
h′ρσ
−
1
3!
F˜ ρστµν Hρστ −
1
3!
Hρστ F˜µνρστ = 0 , (41)
∇ρFρµm +∇
lFlµm + 2∇
ρΦ Fρµm −∇ρhσm F
ρσ
µ −
1
3!
F˜µmρσλH
ρσλ = 0, (42)
∇ρFρmn +∇
lFlmn + 2∇
ρΦ Fρmn −
1
3!
F˜mnlkjH
lkj −
1
3!
F˜mnρσλH
ρσλ = 0. (43)
• Linearized self-dual equation from (7) :
F˜µνρσλ =
1
5!
ǫ mnlkjµνρσλ
[
F˜mnlkj +
1
2
F˜mnlkj h
′ ρ
ρ −
4
3
F˜mnlkj h
m
m − 5F˜
i
nlkj h(im)
]
, (44)
F˜µνρσm =
5
5!
ǫ nlkjλµνρσm
[
F˜nlkjλ − 5F˜
i
nlkj hiλ
]
, (45)
F˜µνρmn =
10
5!
ǫ lkjσλµνρmn F˜lkjσλ . (46)
One obtains five linearized equations from (7). Since two of the five equations are equiv-
alent to other three, we write only three independent equations here.
Appendix C. Linearized equations expanded by Spher-
ical harmonics
Results of harmonic expansion are given in this section.
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Definitions of differential operator Max are as follows :
Max aI1µν ≡ ∇
ρ 3 ∂[ρa
I5
µν] = ∇
ρ(∇ρa
I1
µν +∇µa
I1
νρ +∇νa
I1
ρµ) ,
Max aI5µ ≡ ∇
ρ 2 ∂[ρa
I5
µ] = ∇
ρ(∇ρa
I5
µ −∇µa
I5
ρ ) .
Definitions of 4-form D˜I and 5-form F˜ I are as follows
D˜I1µνρσ = d
I1
µνρσ − 3 A[µνb
I1
ρσ] + 3 B[µνa
I1
ρσ]
D˜I5µνρ = d
I5
µνρ +
3
2
A[µνb
I5
ρ] −
3
2
B[µνa
I5
ρ]
D˜I10µν = d
I10
µν −
1
2
Aµνb
I10 +
1
2
Bµνa
I10 ,
F˜ I1µνρστ = 5 ∂[ µd
I1
νρστ ] − 5 a
I1
[µνHρστ ] − 5 A[µν 3∂ρb
I1
στ ] + 5 b
I1
[µνFρστ ] + 5 B[µν 3∂ρa
I1
στ ]
F˜ I5µνρσ = 4 ∂[µd
I5
νρσ] + 2 a
I5
[µHνρσ] − 3 A[µν 2∂ρb
I5
σ] − 2 b
I5
[µFνρσ] + 3 B[µν 2∂ρa
I5
σ]
F˜ I10µνρ = 3 ∂[µd
I10
νρ] −
1
2
Hµνρa
I10 −
3
2
A[µν∂ρ]b
I10 +
1
2
Fµνρb
I10 +
3
2
B[µν∂ρ]a
I10 ,
• Harmonic expansions of linearized scalar field equations (33) and (34) :
{
(∇2x +∇
2
y) φ
I1 − 2∇Φ∇φI1 +
(
11
4
∇2xΦ−
3
2
(∇Φ)2 −
13
48
H2 −
9
48
e2ΦF 2 +R
)
φI1 +
1
6
(HHI1 − e2ΦFF I1)
+
(
−
4
3
∇2xΦ+
2
9
H2 +
1
18
e2ΦF 2 +
1
36
F˜µνρτ F˜
µνρτ −
1
60
F˜mnpqrF˜
mnpqr +
2
3
gρσRρσ +
2
5
gmnRmn
)
πI1
+2
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
48
(H2 + e2ΦF 2)
)
hI1 ρρ −∇
ρΦ(∇σhI1ρσ −
1
2
∇ρh
I1 σ
σ )
+
(
3∇ρ∇σΦ + 2∇ρΦ∇σΦ−
3
4
H ρµνH
µνσ −
1
4
e2ΦF ρµνF
µνσ −
1
12
F˜ ρµνλτ F˜
µνλτσ
)
hI1ρσ
}
Y I1 = 0 ,(47)
{
(∇2x +∇
2
y) c
I1 −
1
3!
H2 cI1 +
1
3!
(FHI1 + F I1H)
}
Y I1 = 0 . (48)
• Harmonic expansions of linearized Einstein equations (35), (36) and (37) :
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{
1
2
(∇2x +∇
2
y) h
I1
µν +
1
2
∇µ∇νh
I1 ρ
ρ −
1
2
(∇µ∇
ρhI1ρν +∇ν∇
ρhI1ρµ) +R
ρ σ
µ ν h
I1
ρσ −
1
2
(R ρµ h
I1
νρ +R
ρ
ν h
I1
µρ)
−
(
1
2
H ρµα H
ασ
ν +
1
2
e2ΦF σµα F
ασ
ν +
1
4!
e2ΦF˜ ρµαβγ F
αβγσ
ν
)
hI1ρσ
−
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
48
H2 +
1
48
e2ΦF 2
)
hI1µν −
1
4
gµν∇
σΦ (∇ρh′ρσ −
1
2
∇σh
I1 ρ
ρ )
+gµν
(
1
4
∇ρ∇σΦ−
1
2
∇ρΦ∇σΦ +
1
16
H ραβ H
αβσ +
1
16
e2ΦF ραβ F
αβσ
)
hI1ρσ
−
1
6
gµν(∇
2
x +∇
2
y) π
I1 +
1
3
(
1
2
HµρσH
ρσ
ν +
1
2
e2ΦFµρσF
ρσ
ν +
1
4!
e2ΦF˜µρσλτ F˜
ρσλτ
ν
)
πI1
−
1
3
gµν
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
16
H2 +
1
16
e2ΦF 2
)
πI1
+
1
2
gµν∇
ρΦ∇ρφ
I1 −
1
2
HµρσH
ρσ
ν φ
I1 + gµν
(
1
16
H2 +
1
48
e2ΦF 2
)
φI1
+
1
4
(HI1µρσH
ρσ
ν +HµρσH
I1 ρσ
ν )−
1
24
gµνHH
I1
+
1
4
e2Φ(F I1µρσF
ρσ
ν + FµρσF
I1 ρσ
ν )−
1
24
gµνe
2ΦFF I1
+
1
4 · 4!
e2Φ(F˜ I1µρσλτ F˜
ρσλτ
ν + F˜µρσλτ F˜
I1 ρσλτ
ν )
}
Y I1 = 0 , (49)
{
1
2
∇µh
I1 ν
ν −
1
2
∇νhI1νµ −
4
15
πI1 +
1
4
(H ρσµ b
I1
ρσ + e
2ΦF ρσµ a
I1
ρσ) +
1
4 · 4!
e2ΦF˜ νρστµ D˜
I1
νρστ
}
∇mY
I1
+
1
4 · 4!
e2ΦF˜ npqrm ∇µd
I1 ǫ anpqr ∇aY
I1 = 0 , (50)
{
1
2
(Max+∇2y) h
I5
µ −
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
48
HρσλHρσλ +
1
48
e2ΦF ρσλFρσλ
)
hI5µ
+
1
4
H ρσµ (∂ρb
I5
σ − ∂σb
I5
ρ ) +
1
4
e2ΦF ρσµ (∂ρa
I5
σ − ∂σa
I5
ρ ) +
1
4 · 4!
e2ΦF˜ νρσλµ F˜
I5
νρσλ
}
Y I5m
+
1
4 · 4!
e2ΦF˜ npqrm d
I5
µ ǫ
ab
[pqr ∇n]∇aY
I5
b = 0 , (51)
{
1
4
gmn∇
ρΦ (∇σhI1σρ −
1
2
∇ρh
I1 σ
σ ) + gmn
(
1
4
∇ρ∇σΦ−
1
2
∇ρΦ∇σΦ +
1
16
(H ρµνH
µνσ + e2ΦF ρµνF
µνσ)
)
hI1ρσ
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+
1
10
gmn(∇
2
x +∇
2
y) π
I1 −
8
75
gmn∇
2
y π
I1 +
1
10
gmn∇
2
y h
I1 ρ
ρ
−
1
5!
e2ΦF˜mpqrsF˜
pqrs
n π
I1 − gmn
(
2
15
∇2xΦ−
4
15
(∇Φ)2 +
1
40
(H2 + e2ΦF 2)
)
πI1
+
1
2
gmn∇
µΦ∇µφ
I1 + gmn
(
1
16
H2 +
1
48
e2ΦF 2
)
φI1
−
1
24
gmn(H
µνρHI1µνρ + e
2ΦF µνρF I1µνρ)
}
Y I1
+
5
4 · 4!
F˜ pqrsn d
I1∇[mǫ
a
pqrs] ∇aY
I1 +
5
4 · 4!
F˜ pqrsm d
I1∇[nǫ
a
pqrs] ∇aY
I1 = 0 , (52)
{
1
2
hI1 µµ −
8
15
πI1
}
∇(m∇n)Y
I1 = 0 , (53)
{
∇ρhI5ρ
}
∇(mY
I5
n) = 0 , (54)
{
1
2
(∇2x +∇
2
y − 5e
2) hI14 −
(
1
4
∇2xΦ−
1
2
(∇Φ)2 +
1
48
(HµνρHµνρ + e
2ΦF µνρFµνρ
)
hI14
}
Y I14(mn)
−
1
4!
e2ΦF˜ ampqr F˜
pqr b
n h
I14 Y I14(ab) = 0 . (55)
• Harmonic expansions of linearized 2-form equations (38), (39), (40), (41), (42), and
(43) :{
(Max+∇2y) b
I1
µν − 2∇
ρΦHI1ρµν +Hµνρ∇
ρcI1 +∇ρHρµν c
I1
−
9
4
∇ρφI1Hρµν −
(
5
2
∇ρHρµν − 5∇
ρΦHρµν +
1
4
F˜µνρστF
ρστ
)
φI1
+
2
3
Hµνρ∇
ρπI1 +
(
1
3
∇ρHρµν −
2
3
∇ρΦHρµν +
1
6
e2ΦF˜µνρστF
ρστ
)
πI1
−Hσµν(∇
ρhI1 σρ −
1
2
∇σhI1 ρρ )−Hρσν∇
ρhI1 σµ −Hρµσ∇
ρhI1 σν
+
(
−∇ρHσµν + 2∇
ρΦHσµν −
1
2
e2ΦF˜ ρµνλτ F
λτσ
)
hI1ρσ +
1
3!
e2ΦF˜ ρστµν F
I1
ρστ +
1
3!
e2ΦF ρστ F˜ I1µνρστ
}
Y I1 = 0
(56)
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{
(Max +∇2y) a
I1
µν −
1
4
Fρµν∇
ρφI1 −
(
1
2
∇ρFρµν +
1
4
F˜µνρστH
ρστ
)
φI1
+Hµνρ∇
ρcI1 +∇ρHρµν c
I1 +
2
3
Hµνρ∇
ρπI1 +
(
1
3
∇ρFρµν −
1
6
F˜µνρστH
ρστ
)
πI1
−Fσµν(∇
ρhI1 σρ −
1
2
∇σhI1 ρρ )− Fρσν∇
ρhI1 σµ − Fρµσ∇
ρhI1 σν −
(
∇ρF σµν +
1
2
F˜ ρµνλτ H
λτσ
)
hI1ρσ
−
1
3!
F˜ ρστµν H
I1
ρστ −
1
3!
Hρστ F˜ I1µνρστ
}
Y I1 = 0 , (57)
{
∇ρbI1ρµ − 2(∇
ρΦ) bI1ρµ +
1
3!
e2ΦF ρσλ D˜I1ρσλµ
}
∇mY
I1 = 0 , (58)
{
∇ρaI1ρµ −
1
3!
Hρσλ D˜I1ρσλµ
}
∇mY
I1 = 0 , (59)
{
(Max+∇2y − 4e
2) bI5µ − 2∇
ρΦ(2∂[ρb
I5
µ]) +H
ρσ
µ ∇ρh
I5
σ +
1
3!
e2ΦF ρστ F˜ I5ρστµ
}
Y I5m = 0 ,
(60){
(Max+∇2y − 4e
2) aI5µ + F
ρσ
µ ∇ρhI5 σ −
1
3!
Hρστ F˜ I5ρστµ
}
Y I5m = 0 , (61)
{
∇ρbI5ρ + 2∇
ρΦ bI5ρ −
1
3!
e2ΦF ρστ D˜I5ρστ
}
2 ∇[mY
I5
n] = 0 , (62){
∇ρaI5ρ +
1
3!
HρστD˜I5ρστ
}
2 ∇[mY
I5
n] = 0 , (63)
{
(∇2x +∇
2
y − 6e
2) bI10 − 2∇µΦ∇µb
I10 +
1
3!
e2ΦF µνρF˜ I10µνρ
}
Y I10[mn]
+
1
3!
e2ΦF˜ pqrmn b
I10 ∇pY
I10
[qr] = 0 , (64)
{
(∇2x +∇
2
y − 6e
2) aI10 −
1
3!
HµνρF˜ I10µνρ
}
Y I10[mn] −
1
3!
e2ΦF˜ pqrmn a
I10 ∇pY
I10
[qr] = 0.(65)
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• Harmonic expansions of linearized self-dual equations (44), (45) and (46) :
{
F˜ I1µνρσλ − ǫµνρσλ ∇
2
y d
I1 −
1
2 · 5!
ǫ mnlkjµνρσλ F˜mnlkj
(
hI1 ρρ −
8
3
πI1
) }
Y I1 = 0 , (66)
{
D˜I1µνρσ + ǫµνρσλ ∇
λ dI1
}
∇mY
I = 0 , (67)
{
F˜ I5µνρσ + ǫ
λ
µνρσ d
I5
λ ∇
2
y
}
Y I5m (y) +
{
ǫ λµνρσ d
I5
λ R
ni
mn +
1
4!
ǫ nlkjλµνρσm F˜
i
nlkj h
I5
λ
}
Y I5i = 0,
(68){
D˜I5µνρ + (∇σd
I5
λ −∇λd
I5
σ ) ǫ
σλ
µνρ
}
∇[mY
I5
n] = 0 , (69)
{
F˜ I10µνρ −
10
5!
ǫ lkjσλµνρmn D˜
I10
σλ
}
∇[lY
I10
kj] = 0 . (70)
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